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CHARACTERISTIC CLASSES OF REGULAR LIE ALGEBROIDS

A SKETCH

Jan Kubarski

The notion of a Lie algebroid comes -from J.Pradines (1967)

C213, C223, and was invented in connection with the study of

differential grupoids. This notion plays an analogous role as

the Lie algebra o-f a Lie group. Observations concerning

characteristic homomorphisms on the ground of principal bundles

(such as the Chern-Weil homomorphism, the homomorphism o-f a

flat or a partially flat principal bundle) show that they

depend only on the Lie algebroids of these principal bundles

C123, E13 3, E14 3 . This enab1es us to build a theory of

characteristic classes for Lie algebroids and, next, to apply

this technique to the investigation of some geometric

structures defined on objects not being principal bundles but

possess!ng Li e algebroi ds, such as transversal 1y complete

foliations CIS], E193, nonclosed Lie subgroups till, C1935

Poisson manifolds E23 or complete closed pseudogroups E233.

FUNDAMENTAL DEFINITIONS AND EXAMPLES

We begin with fundamental definitions.

Definition 1. By a Lie algebroid on a manifold M we mean a

system

A = MSE -, -I,r)

This paper is in final form, and no version of it will be

sii6m.it ted for publication els&wher&
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consisting of a vector bundle p:X - >M and mappings

H - ,, • J : Sec A x Sec A •• ...-...» Sec X , j' : A > 77f ,

such that

(1) (SecX,ff • , * 1 > is an R-Lie algebra,

(2) y is a homomorphism of vector bundles (called an

anc hor ) ,

(3) Secj'rSecX - * 3 £ < M ) , £ t - » X ° ? » is a homomorphism of

Lie algebras.,

oo[ SecX denotes the vector space o-f global C cross— sections of a

vector bundle X] .

A Lie algebraid A is said to be transitive if -y is an

epimorphism of vector bundles, and regular if y is a constant

rank. In this last case, F:= Imy is a C constant dimensional

and completely integrable distribution and such a Lie algebroid

is called a regular Lie algebroid. over <tf,F>.

By a [strongj homomorphism.

H: <Xsff - , -3,y> - > (X* ,tt •, -I' ,y>

between two Lie al gebroi ds on the same mani f ol d H we mean a

strong homomorphism H:X - » X' of vector bundles, such that

(a) y* .* = Y,

(b) Secy:SecX - »SecX'F fi - >-Ho^, is a homomorphism o-f

Lie algebras.

Examples 2. C13 A finitely dimensional Lie algebra Q forms

a Lie algebroid on a one— point manifold.

t£3 The tangent bundle TH to a manifold M forms a Lie

algebroid (Ttf, C • , -3, id) with the bracket E - , • 3 of vector

fields.

C33 Any involut ive C constant dim&nsional distribut ion

F c.TM forms a regular Lie algebroid with the bracket as above.

C43 Any G-principal bundle <P,nfH,Gf - > determines a

transitive Lie algebroid X(P) = <X<P) f I • , -1 , y) E73, CI03, C17D,

in which

(a) X C P ) :

(b) the bracket is defined in such a way that the
= K

canonical isomorphism SecX(F) - » X (P) is an isomorphism of
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Lie algebras, where X <P> is the Lie algebra of right-invariant

vector fields on P,

(c) the anchor Y is given by Y (Cv3) = n^ <v) .

CSD Any vector bundle f determine a transitive Lie

algebroid /l(f) equal to A(Lf) - the Lie algebroid of the

principal bundle Lf of repers of f.

Proposition 3. £123 Let f be any vector bundle on a

manifold fi. For a point xeH, there exists a natural

i somorph i stn.

A if) £-ft: Secf »f ; I is lin&ar and.

3 v<=T M, V /eO° (//) , V veSecf', l(/-v> = / (x) - 1 (v> -t-u (/) - L> <x> f
x • " ' " " ••

Therefore we have a [canonical] isofhorphism, of O l,M) -modules

differential operators £: Secf »• Secf

such, that £(f-i>) = f-£lu) + X(f)-v

for- some X e

Sec A (f)

Let, in the sequel, £ denote the (covariant) differential

operator corresponding to the cross-section ? of SecAtf).

C63 Any transversal ly complete foliation <//5̂ ) determines

a transitive Lie algebroid A<M,y) = lA<.Mfy)fl-f-lfy) in the

following way E183., C193: the closure of the leaves of & form

another foliation y.f called basic, being a simple one
o

determi ned by some f i brat i on n. i H * W with a' Hausdorf fo
manifold W, called the basic fibration. Let E and E denote the

o
vector bundles tangent to F and y,9 respectively,

o"
Q-TM/E—L+H - the transversal bundle of y, l(Mf^ - the Lie

algebra of the so—called transversal fields being

cross-sections of O determined by foliate vector fields.

Lemma 4. If n ( x ) = n (y> then there exists a (canonical]
b o *• J

isomorphism. c*y:Q >Q having the property- ay<C > = C
>; l-x fy " >: jc >*

/or any transversal field C^ ZiW,̂ ). •

.
The construction o/ the Lie algebroid
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The space A where -for vf

way

an

Q we de-fine

The bracket ff-,-11 in Seĉ t/f,̂ } is defined in much a

that the canonical isomorphism S&cA<M,y) — ̂*l(/f,̂ ) is

isomorphism of Lie algebras.

The anchor* rsA(Ms&) - » TV is equal to ̂( Cv] ) = IT. „ (v) .
o*

C7} Any not nee essor i I y closed connected Li& subgroup H of

a Lie group G determines a transitive Lie algebroid A(G^H} on

G/H defined as the Lie algebroid of the foliation 3? - \gH$

g^G\f left cosets of G by H (such a foliation is, of

course, transversal 1 y complete). If H-H, then the Lie

algebroid /KG;W> is trivial: A (G; H} = T(G/H) .

R : TGt

Lemma S. -L1 i 1, L i 2 J For any t e H, th& mapping

» TG, t angent tot he right transI ation by t, maps E

onto E giving an isomorphism. : Q Q. The

Q x • Q, (v, t) i 1 R <v) , is a right free ac t ion. mt

mapping

Lemma 6. Eli], C123 (a) A cross-section £ e SecQ is a

transversal field if and only if £ (gt) = % <£ <^> ) /or all g&G

and t e H.

( b > TAe net t ura I etju i va I enc e relati on ?z in Q c an be

equivalent ly defined as follows; for v9 u*=Q,

This means that X.(G;W) can be defined as the space of orbits of

the right action of % on Q. m

C8} Any transitive lie al#e6roid , -I , on H and an

inuolutiue distribution FcTM form a regular Lie algebroid

iAFfl • , -l,yF> such that XF: = ̂~1CF3 cX and yF ̂ Y\AF . For

example, such an object is determined by a vector bundle and an

involutiue distribution on the base.

C93 Any tie groupoid § determines a transitive Lie

algebroid i r*** C63, C173, C223, whereas any differential

groupoid * determines a Lie algebroid in the same way,

sometimes being regular C163.
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Remark 7. A transitive Lie algebroid A is called

int&grable i-f it is isomorphic to the Lie algebroid A (P) of

some principal bundle. There exist nonintegrable transitive Lie

algebroids discovered by Almeida and Molino in 1985 C13.

Theorem Q (Almeida-Mol ino £13). Let (Af, 3?) be <zny

transversal ly complete foliation. Then the Lie algebroid Adi^y)

is integrable if and only if the foliation (tf,̂ ) is developable

in the sense that the lift ing to some covering is simple, m

Tt is evident that any TC-foliation with nonclosed leaves

on a simply connected manifold is not developable,, therefore

its Lie algebroid is not integrable. A more concrete example is

the foliation of left cosets of any connected and simply

connected Lie group by a Lie subgroup connected and dense in

some torus.

CONNECTIONS IN REGULAR LIE ALGEBROIDS

Let (X,IE - , •] ,?") be any regular Lie algebroid over (/f,F).

g: = /Cer^cX is a vector bundle. Each fibre g of g possesses

a structure of a Lie algebra., and g is isomorphic to g if x

and y lay on the same leaf of the foliation determined by F.

The short sequence

O *g < *A—£+F >Q

is called the Atiyah sequence of A. Any splitting X:F » A of

this sequence is called a connection in A. X determines the

so-called connection /orm. GJ: A »• g as follows: oj |g=id and
2 *

6>|/m\ 0, and the ctirvaiur© form. OeSecA A ®g as a

g-horizontal form such that O(XX,\y> - XCX, V3 - ffXX?XyJl for

X,v e SecF. It is also convenient to define the so-called
2 *

curvature tensor O. eSecA F 8g (being a tangential
o v

differential form C2O3) in such a way that O CX,Y) =O(XX,xr>
J o

( = XCX, X3 -KXX,XyJ ). X is said to be a flat connection if

n=0 (equivalently, O f e -O) .

Theorem 9. // A = AtP), P being a principal trundle, th&n
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there is a. bisection between c onnec 11 ons in A and in P. m

Theorem 1O. // A = A<P) f P being a. principal bundle on a.

manifold H and F an involutive distribution on M9 then there is

a bijection between connections in A and partial connections in

P over the distribution F. m

Theorem 11. C121 // A~ AiHt&) 9 iM,?) being a

transversally complete foliation, then there is a bijection

between connections in A and C distributions CcTH fulfilling

the conditions

U) C + Et = TM,
o

(2) cor = E,
V

(3) C =|x(x); Xe SecC n L (W.,30 \r xe M.

[ in the cose of left cosets of G by Hf see Example 7 abovef

condition (3) is equivalent to:

(3*) C is H-right-inuariant] .

In particular, such a distribution C always exists.

A connection in A is flat if and only if the corresponding

distribution in TH is completely integrable. m

THE CHERN-WEIL HOMOMORPHISM OF A REGULAR LIE ALGEBROID

By a representation of a Lie algebroid A on a vector

bundle f (both over the same manifold Af) we mean a homomorphism

TsA *.X<f) of Lie algebroids. A cross—section i>eSecf is

said to be T-invoriant if, for each £ e Sec4, £ Ci*)=Q f £ _7-0^ \0^
is the differential operator in f corresponding to the

cross-section T"^, see example 5 of Lie algebroids). Denote by

(Secf) 0 the space of all T-invariant cross-sections of f. A.7 m
representation T induces a representation of A on each vector

bundle associated with f.

Theorem 12. If A is a transitive Lie algebroid, then each

T-invariant cross-section of f is uniquely determined by its

value at one arbitrarily taken point of M (H is assumed to be

connected). •
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Example 13. The adjoint representation of a regular Lie

algebroid A= (^4,5 •, - 2 ,^) over iM9 F) is the representation

ad lA - » . d < g ) de-fined by

ad induces a representation, denoted also by ad , of A on the
A k * A

symmetric power V g of the vector bundle dual to g, and we

have:

, V<r ,...,cr

The space J» SecV g ) 0 forms an algebra.

Put O (W)=SecAF* f = k4°SecOk(W> where Ok (W) =SecAV*).
F ^ F f '

This is the space of r-ectl tangent ial different ial forms C2O3 .

In the space O <fi) there works a differential o defined by the

same formula as for usual differential forms. Let H <tf> denote
F

the space of cohomology of the complex (O <M) ,6 ).

Theorem 14. C123 Let X be any connection in A and fl its
6

curvature tensor. Define the mapping

.
/ (

r
k t

a ^omomorph.ism o/

<i> the tangential forms /3(D are closed,

(2) t^e irxduced faomom&rphism of algebras

h : ,
X / <arf^> /"

r i - * c / ? < r > 3

is i ndependen t of t he c ho ice of a c onnec t i on. m

h is called the Chern-Wei I homamor-phism. of A9 whereas the
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subalgebra Pont (X) : — 1m. (h ) c: H (W) — the Pontryagin a.lg&bra.

of A.

Theorem IS (The comparison wi th the Chern-Wei I

homomorphism of a principal bundle C33). If A = A(P)9 ' P being

any connected- principal bundle, then there exists an

isomorphism en of algebras, making th& following diagram commute

k£°(SecVkg*> o , , .
a / (orf .> V h

A \ <f >

H <
dK

'h
P

Q is the lie algebra o/ the struct\tr& Lie group £5. and
f
) is t he spac e of Ad.- i nvar i an t po I y norfti a I s . •

We pay our attention to the fact that this holds although

in the Lie algebroid A{P) there is no direct information about

the Lie group G (which may be disconnected ! ).

Besides, the Lie algebroid of a principal bundle P is - in

some sense - a simpler structure than P. Namely, nonisomorphic

principal bundles can possess isomorphic Lie algebroids. For

example, there exists a nontrivial principal bundle for which

the Lie algebroid is trivial (the nontrivial Spin (3)— structure

of the trivial principal bundle RP(5)xSOC3> C93, C1Q3).

Remark 16. C123 If ,4 = ̂ (P)FJ P being a principal bundle

on a manifold M and F an involutive distribution on Hr then the

Chern-Weil homomorphism h of the Lie algebroid A is called the

l Chern-W&il homomorphiswi of a principal bundle P over

a foliated manifold (W,̂ 1) ( 3? being the foliation determined by

o-
One can noti ce that :

C13 Always, O^CW,^) - <SecVkg*) 0 , c <SecVkg*> *
^ •

which, means that £/ F is ad -invariant when / are*- -L A
and r are ad -invariant.

i. Alt')

The occuring inclusion can not be replaced, in general, by



CHARACTERISTIC CLASSES OF REGULAR LIE ALGEBROIDS - A SKETCH 79

the equality. Such a situation can hold if P is connected,. but

its restriction P to many leaves Z. of the foliation F is not

connected.

C23 // G is connected, then the above inclusion is an

tfiere/ore, eg-uivalent ly,

Remark 17. The case of P being the principal bundle L f of
o

repers of a G—vector bundle f, GcGi.(n,R> (n = ra.nh f) , is

important C2Q3. In this situation, the homomorphism obtained

above is called the tangential Chern-Weil homomjorph.ism of a

vector bundle f over a /oliated manifold (Mf;F). It is trivial

when in f there is a flat partial covariant derivative (over

F}. The superposition { under the assumption that L f is
' *• G

connected)

(VQ*> ̂'

agrees with the homomorphism obtained by Moore and Schochet

C2Q3 to investigating such covariant derivatives. However, the

hoiding of the above strong inclusion can be the source of

quite new characteristic classes which cannot be obtained by

the construction of Moore-Schochet.

The geometric signification of the Chern-Weil homomorphism

in the theory of TC-foliations is presented by the following

Theorem 18. // A = A<M9&')9 (W,̂ ) being a. transversal ly

complete /oliation, and the Chern-Weil homomorphism. h is

nontrivial, then there exists no completely inferrable

distribution CcTTf satisfying the conditions

C1) C -*- Et = TM,
a

l"y\ r\ s P\jf-t W i l t — t.,
o

_ r "̂
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Wow, we are going to give a wide class of TC—foliations

•for which the Chern~weil homomorphisms of the corresponding Lie

algebroids are nontrivial. It will be some class of foliations

of left cosets of Lie groups by nonclosed connected Lie

subgroups.

First, we.formulate as preparatory the following theorem.

Theorem 19. Let tfeG be any connected Lie subgroup of G

and let t), t) and g be the Lie algebras of Ht of its closure

and of G, respectively. Denote by h : <Vt> )

Chern-Wei I homjomorphism of the %-principal

P=iG * G/#) . Then there exists an isomorphism

algebras such that the following diagram commutes:

k #

s|«
A < G ; H >

the

bundle

a of

Since., for any connected, compact and semi simple Lie group

(2>_ £* ^ (
p i

is an isomorphism (cf C 4 3 ) , we obtain

Theorem 2O. // G is a connected, compact and semi simple

Lie group and H is any nonctosed connected Lie subgroup of G

and ft is its c losure* then
< 2 > v" * t2> rt

is a nontrivial monomorphism.; tftere/ore h is. nontrivial.

This means that then there exists no C completely integrable

distribution CcTG such that (1) C + E ~TG, (2) Cn£V =E,
b b

(3) C is ft-right-invariant.

Corollary 21. Taking G as above and, in addition* simply

connected, we obtain a nonintegrable transitive Lie algebroid

whose Chern-Weil homomorphism is nontriuial. m
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Now, we give a simple example o-f a f lat connection in the

Lie algebroid >4«3;>O.

Example 22. If c <r g is a Lie subalgebra such that

C + f) = 9, cnt> = t),

then the (3-left— invariant distribution C determined by C is C

completely integrable and such that (1) C + F =TG. (2)
6

C n E = £", (3) C is #-right-invariant, therefore C induces a6
flat connection in X<G;tf). The existence of such a Lie

subal gebra i mp 1 i es then the tri vi al i ty of the Chern-Wei 1

homomorphism h of X«3:tf).A(.O;H)
The previ ous theorem g i ves

Corollary 23. If O is a. connected* compact and s&misimple

Lie group and H is any nonclosed connected Lie subgroup of Gf

and I), f) and Q are the Lie algebras of H, of its c losure ?? and

of G, respectively, then no Lie subalgebra ccQ satisfying

0 + 15 = 9, cn^ = t), exists. •

This theorem is valid if one weakens the assumption on

TT <G> to be finite C113. One can also prove that the existence

of such a Lie subalgebra c gives the minimal closedness of ^) in

the sense of Malcev C113,

The analysis as in "Bott's phenomenon" C53 gives the

f ol lowing results.

Theorem 24. C153 // A is any regular Lie algebroid over

(M, F> , PontiA} c.H {H} is the Pontryagin algebra of A and A

aarfiits a partially flat connection X.' ouer &om& invol-ut ive

subdistribution F cT of codirrt&nsion (witft. respect to T]

equalling <?» then

Pontp<.A) =O for p>2-

// \ admits a basic connection, then

Pontp<.A) =O for p>

One can notice that in the Lie algebroid A i G $ H } any Lie
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subalgebra ccg such that

(1) £>nc = t),
(2) f:=f)-t-C is a Lie subalgebra of g,

gives a partial -flat connection over the involutive

distribution on G/H being the G—left-invariant one determined

by f/t> (codimension of this is equal to codimf]. If f is a Lie

algebra of a compact Lie subgroup of G, then C admits a basic

connection. From the above we obtain the following corollary:

Corollary 25. E153 If A~A<G^H> and PontpIA) = O, then

there exist no Lie subalgebra. c of Q such, that

(1) ?jnc = t),

(2) f: = f) + C is a Lie subalgebra of Q whose? codimension

is < (p/2)-l, or- is <p-l provided that f is a Lie su&al#eora o/

a compact Lie subgroup of G. •

2
Since Pont (A)^Q when G is compact and semisimple, we

obtain

Corollary £6. C153 // G is compact and s&rnisimpl&t and H

is not closed, then th&re exists no Lie subaIg&bra Cc0 such

that

(1) f)nc = t).I

(2> f:=l) + c is a Lie subalgebra of a closed Lie subgroup

of G whose codimension is i. •

THE CHARACTERISTIC HOMOMORPHISM OF A FLAT

REGULAR LIE AL6EBROID

Consider in a given regular Lie algebroid {A,ft •9 •Ify) over

(W,r> two geometric structures C133:

(1) a flat connection X:F *A9

(2) a subalgebroid BcX over (#»F), see the diagram
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< * >

- * 0 .

Notice that h-gnB (hs-Kery ).

The system <ASB,\) will then be called an FS-re#uZ.ar Lie

algebroid ( over (Af,F>).

We construct some characteristic classes of an FS-regular

Lie algebroid (vl,F.,X}, measuring the independence of X and S,

i.e. to what extent Im\s not contained in B. First, we give

some examples o-f such Lie algebroids.

Examples 27. CID. Let P be a flat G-principal bundle with

a flat connection o> and P' a reduction of P. o> determines a

flat connection X in A (P) „ and the system (A (P) , A (P' ) , X) is an

FS-transi ti ve Lie algebroid,

C2D ( An important general izat ion of the above example).

Let (P,P' ,a>' ) be any foliated G-principal bundle on a manifold

M C53, with an ^/-reduction P' and a flat partial connection u>'

over an involutive distribution F <c TM. w determines a flat

connection X in the regular Lie algebroid A (P) over (tf, F), and

the system <A(P) j,X(P*> ,X) is an FS-regular Lie algebroid.

C 35 FS- £ r ans itive Lie al gebro ids on t he ground of

TC- foliations. Let A~A(H,^9 (W,̂ ) being an arbitrary

TC-f oliation.

Proposition 28. There exists a 1-1 c orrespond&nc & between

transitive Lie siibalgebroids B of A and

distributions BcTM such that

(a) EcB,

(b) £+§=Z7f,
o

(c) S = x ( x ) ; XeSecSnL(W,,^'}, x «= Af .

For t?ie /oliatton. o/ le/t cosets of G by H,

(c) = (c'>: B is C and %~right-invctriant. m

Some example of a Lie subalgebroid of <4(G;W) is given by
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the following theorem.

Theorem 29. If b c 9 is a. Lie suba I gebra such, that

t)cb, t) + b = gs

t hen t he G~ I ef t-i nvar i an t distri bu t i on B̂  de t &rm.i ned by b

fulfils (a), (b) and (c' ) from, the above proposition, giving at

the same time a. Lie subalgebroid of ̂ (G;#). •

To sum up, a system <b,c) of Lie subalgebras of 9 such

that t)cb, f) + b = 9 and t) + c = 9, %nc~t)s determines some

FS-transi tive Lie algebroid on G/H.

C4O rs-r&g-ular ( nontransi £ ive] Lie algebroids on the

ground of TC- foliations. Let A-A^M^y}, (W,v^> being an

arbitrary TC-f ol iation.

Proposition 3O. An involutive distribution F on H is a

lifti ng of some i nuo luti t>e distri bu t i on F on t h& bets i. c man i fo I d

W if and only if

(1) E cF,
D

(2) F =-fx(x);
'* I

1 ,&") \ x e M.

F is 1-i. For th& foliation of l&ftThe correspondence F H

cosets of G by H*

(2)̂ (2'): F is C and #-ri#ftt~ invariant,

Denote the lifting of F cTW to H by T H.

Proposition 31. Let F c TV be any foliation of W. There

exists a 1-1 correspondence be£u>een partial connections in
F —A{Mt^} ouer F, i.e. connections in AiM,^) , and distributions C

in TM such that

(a) £ nC = Es

(b) E + C = TFHy

(c) ; X<= SecC

In particular, such a. distribution C always exists. For the

foliation of left cosets of G by Ht
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(c) = (c*): C is C and %~right -invariant .

A partial connection in AtM>y) is flat if and only if the

corresponding distribution in TM is involutive. m

Some examples of -foliations of G/H and partial connections

in A(G$H) are given by the -following theorems.

Theorem 32. // f eg is a Lie subalgebra such that

§ c f ,

then the G- left-invariant distribution F<f)<irC5 determined by

f fulfils E.cF(f), and F(f) is J^-right- invariant t therefore
b

gives some foliation F(f) of G/S.

Theorem 33. Let f and c be Lie subalgebrcts of Q such that

t) c f and f? + c = f , f)nc = t);

then the G- left-invariant distribution C = C(c)eT6 determined

by c is C , fi-right -invariant and fill fi Is £ n C = £",
6

— fE + C = T M5 t herefor& i nduc es some flat par tial c onnec t i on i n
6

A(G;H) over F(f) . •

To sum up, the triple (b,,f,c) o-f subalgebras o-f 9 such

that

t)cb, fj-»-b = 9, ^cf and % + c - f , t)OC=t) »

determines an FS— regular Lie algebroid.

Return to diagram (*) .

We construct a characteristic homomorphism

measuring the independence of X and B in the sense that A =Q
tf

i-f Jm.XcS.

Here W(g,£> = tf USecA (g/h) *> 0 ,6 ) where
ff

(1) (5ecA(g/K) > . is the space of invariant

cross-sections with respect to the canonical representation

B - >X(A(g/h> > induced by ad|B:B - >^(g). Precisely,

*e (Se-cAk(g/h)*) /0 **• V? e SecB, Vv , ... , v^

(̂  of )<*, [y 3 ----- Iu, 3> = r<*, Cy 3^...^Ctt^,u B3^.-.^Cy 3> ,
i " i k y . i - j k -

where Cf.3 =s«i>.e Secg/K and s:g - *• g/h is the canonical



86 JAN KUBARSKI

projection.

(2) 6 is a differential in (SecA(g/K) ) a defined by the

formula

Cu 3^ ____ tu i> = - r (-i>x+-J<*,i;fit>. ,y Sa^Cu
o k . i o

»-< 3
First, we construct the homomorphism A on the level of

#
forms.

Theorem 34. There exists a homomorphism. of algebras

sue h t ha t

for w e F where u> e S sat ts/y X (w > — w .
j tx j |x * - j J

3 )

Theorem 33. A restricted to t/ie
— f

comnvutes WL tft. di//erent ilals 6 and <5 ,

on coh.omo lories. •

cross-sections

a homomorp^iism. A

36. The fundamental properties of A are:

(b) The functoriality of A .

<c> The independence of A of the choice of homo topic

sitbalgebroids B in the following sense:

If B is homotopic to B , then there exists an i
0 ~ *

»B ) of a I gebrcts, sue h t ha t t he

commutes. The relation of homotopy between s-ubalgebr-oids is

lie

;B,

naturally defined as follows* B *,& & there exists a Lie

€ B (0 ,subalgebroid BcTKx>l (on Kx/f) such that

t=0, 1 (e being the null vector at t£[R). •

The construction of a is not trivial. We uses a few times
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the ex i stence of gl obal

differential equations.

sol ut i ons to systems

Theorem 37 ( Th& comparison, wi th a. flat princ ipal

S&G C53). // A = A £P) , B = A(P')9 where P' is a connected.

H~reduc t ton, then, for each flat connection. in P and the

conn.ec £ ion in A (P) corresponding to it, there exists an

isomorphism, x of algebras s-uch that the diagram

comnutes.

Assume that A and B mean the same as in Theorem 37 above,

but X is a partially flat connection in At say. over an

involutive distribution FcTM. Denote by & the foliation

determined by F. Equi valently t we have given some foliated

principal bundle and an H— reduction of it. By the general

theory, there is a homomorphism of algebras

F> - ». H (W> .

Theor em 38 . I f H is c onnec t ed „ t hen

and A (£/*E¥*.3>,
fe #

<A <9/t>) ) , is

cohomology class determined by the form.

for e F

w yv...-^w ) == E / L <x) -<v. , Ctotx; w )

u> e T P' sat is/v n' (w } = u> .

the tangential

Problem 39. Consider an arbitrary leaf L of y. From the

f unctoriality property, under the assumption of the

connectivity of H, we have the following commuting diagram
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-HiQ.H)
'

t/ (x) -t> 3
t

rind an example

trivial f whereas A
Lff

dR

situation. in which.

is trivial far eac h I e?af L € &.

(i.)

is not

the nontrivial A on the ground
#

ofAn example of

TC-f oliations.

A3 The transitive case. Let A = A(Mf3?)9 (Mfy> being an

arbitrary TC-f ol i at ion. Assume that we are given a Lie

subalgebraid ScX, equivalently - a distribution B <zTM such

that

Ca) EcB,

(b)
ô

(c)

and a flat connection \n A,

CcTW such that

( 1 ) C

(2) C

(3) C

-for

equivalently a distribution

EL ~ TM,
o

for

From the general theory we obtain:

// the charac t&ristic hom&marphism A is not trivial, then

B cannot b& horft£> topical ly changed to the one which contains

7raX ( equivalent ly. Bz>C).

Here we calculate the characteristic hamomorphism of the

FS-transiti ve Lie algebroid (A (G; H) , B,X) in which

(i) B=£^ ̂ s the Lie subalgebroid of AtG\H) determined

by a Lie subalgebra beg satisfying (1) tjcb, (2) %-»-b = 9,

(ii) X is the flat connection determined by a Lie

subalgebra Cc0 satisfying (i) c + ̂-Q, (2) crif) = 't).

Theorem 4O. There exist an canonical isomorphism a of
i^,

algebras and a homomorphisffi A o/ algebras, making the
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following diagram, commute

4— i

A
- - » H

—
( A < g/t}) ) o"eno t es here? t h& DG-a I gebra of wee £ or s i nuar i an t

wi.th respec t to the adjoint representat ion

Ad^tft - »GL<A<g/f)) > (cf C53). Th.e homomorphism A on the

level of forms is d& fined by the equality

•̂  k — — If •*•
for *e A (t)/(t) nb) ) and u>. e g, wft.ere w e b are vectors

"_
such that Cw 3 = Cu>. 3 ( € 9/t)) i^^iere a> .- 9 - * %/<?) nb)

de fined as the superposition

Pr
co g - > g/t) = tj/t) ® c/t) - U Vt) - > V f ̂  n b) .

Tor a c ompac t G , £ fte r i ̂ h. t arrow in t he di ctgratn. be I ow i s an

Theorem 41. A is trivial if and only if ccb. •

Each case CjZlb (for a compact G) is the source of the

nontrivial characteristic homamorphism of an FS— regular Lie

algebroid on the ground of TC— foliations.

ED The nontransitive case. Here we calculate the

characteristic homomorphism of the FS-regular Lie algebroid

M(G;/Or(f>,B£<f>,\) in which

(i) F(f> is the foliation of G/ff determined by a Lie

subalgebra fcg such that ^cf,

(ii) B~ is the Lie subalgebroid of -4(G;W) where Bfe

is determined by a Lie subalgebra bcQ fulfilling <1> §cb,

(2) % + b = Q,

(iii> X is the partial flat connection determined by a

Lie subalgebra ccg for which (!) cnt) = *), <2) c + fj = f , .

By the general theory, there is a homomorphism
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A :tf
of algebras.

Theorem 42. There exist a canonical isomorphism 01 o/
x-.

homomorphism. A of a. 1 #eoras. inahtng the
ft

following diagram, commute

A

b F < f >

\
_,

Jv € t J » *

The hamarnorphism. A on th& level of forms is defined 6y the
#

ity

* * i k * i i """ i k

/or *« A <^/<fjnb) > and w. e f, where U). e bnf are x>ec tors

s-uch that Ew. 3 = Cw. 3 ( e f/t)) where 01 .- f » .^ /<f>nb> is

defined as the superposition

P*\

For a compact G. the canonical inc Ittsion

1- D (G/??) i ndi/c es a monomorphi sm on

cohom&lagi&s H •H there/ore the

nontriviality o/ A implies the same /or A .
# ff

Theorem 43. A is trivial if and only if ccb. •
tf

Each case c£b (-for a compact G) is the source o-f the

nontrivial characteristic homomorphism of an FS-regular Lie

algebroid on the ground of TC—foliations.

THE CHARACTERISTIC HOMOMORPHISM OF PARTIALLY FLAT

REGULAR LIE ALGEBROIDS

Consider in a given regular Lie algebroid

(tf, F) two geometric structures 1143:

over



CHARACTERISTIC CLASSES OF REGULAR LIE ALGEBROIDS - A SKETCH 91

(1) a partial flat connection \':F' » A' ( :=j/~ CF' 3) ,

(2) a subalgebroid Be A over <W,F>, see the diagram

X'

\. idi

The system (A9B9X) will then be called a PFS-regrular

alg&braid ( o-uer (tf, F*F')).

Examples 44. Examples 27(2) and (4) from the previous

part:

-a foliated bundle (P,F'5w') C53S

— a triple (fo,f,c) of some subalgebras of 9,

are the source of PFS—regular Lie algebroids:

(A<P),A(P' ) ,X' ) , and IA iG,H) ,Bfo,X > ,

respectively.

Me construct some characteristic homomorphism of a

PFS-regular Lie algebroid (A,B,\' )

A . BW(*r(9,.h) , o,<5) - >W <«)„
q'# ' q ,' J7

measuring the independence of \ and B, where

= <Sec(A<g/h>*®V i q 'g*>> „

is the space of invariant cross-sections with respect to the

canonical representation of B, and 6 is the differential

defined point by point, coming from the differential d in the

Weil algebra Vg of the Lie algebra 9 , and <?' >codimF*

(and <?' >[<?/2] for the "basic" case).

The homomorphism A , on the level of forms is constructed
q ff

as follows:

Take s:g - » 9/h, the canonical projection, and
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As «>id:A<g/K> ®V q

homomorphism, and

k:

Ag q g

ec<Ag*«Vlg*>

the induced

A (g/K)where o " < v > = —"- <v,av-...,sw> -for ^ e Sec A (g/K) and C <D

= — -•<r,Ov',..s^O> for r «= Sec V g , whereas w and O are the

connection form and the curvature form of some adapted

connection.
* if

The form J (k (As *£d(w>}) is h— horizontal ., which implies

the existence of a tangential differential form A*eO (W) such

that r* (A*) = >* (k (As*®id<*) ) ) . Put A , = <*i - > A*> .

Theorem 45. Z/ t?' S: codim.f (and <g* > [ «?/^] for the "basic"

case], then. A . i ^ V C g ^ h ) , 0 -• •••» O (N) comnnjtes u>i th. suitable

diff&r&n.tialsf giving a h,om£>ffiorph,ism on cohoma logies. m

The properties:

C 1 } The /line tor ia l i ty ,

C2> The independence o/ the choice o/ an adapted

connec t ton,

C33 For £u>o Lie subcs I g&bro i ds feeing homo topic. the

corresponding characteristic honiomorphisms are et?uivalent. •

The comparison with the characteristic homomorphism of

foliated bundles C53 is described by the following theorem.

Theorem 46. Let X^XCP), B=A(P'), P' oein# a

H-red-uc t ion. If P' is connec Ced, then there exists an

isomorphism 01 of algebras, such that

the following diagram

c owunu t es.
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