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CHARACTERISTIC - CLASSES OF REGULAR LIE ALGEBROIDS -
A SKETCH

Jan Kubarski

The notion of a Lie algebroid comes from J.Pradines (19&7)
[211, [22]1, and was invented in connection with the study of
differential grupoids. This notion plays an analogous role as
the Lie algebra of a Lie group. Observations concerning
characteristic homomorphisms on the ground of principal bundles
(such as the Chern—-Weil homomorphism, the homomorphism of a
flat or a partially flat principal bundle) show that they
depend only on the Lie algebroids of these principal bundles
£121, 1331, [141. This enables us to build a theory of
characteristic classes for Lie algebroids and, next, to apply
this technique to the investigation of some geometric
structures defined on objects not being principal bundles but
possessing Lie algebroids, such as transversally complete

foliations £181, [19]1, nonclosed Lie subgroups [111, [191,

Poisson manifolds [2]1 or complete closed pseudogroups [231.
FUNDAMENTAL DEFINITIONS AND EXAMPLES
We begin with fundamental definitions.
Definition 1. By a lLie algebroid on a mqnifold M we mean a

system

A= (a,0-,-1,»

This paper is in final form and no wversion of it will bde

submitted for pudblication elsewhere



72 JAN KUBARSKI

consisting of a vector bundle p:4—— M and mappings
[-,-1:SecAxSecA— Secd, y:A——THM,
such that

(1) (SecA,[-,-]1) is an R-Lie algebra.

(2) ¥ is a homomorphism of vector bundles (called an
anchor),

(3) Secy:SecA——sp (M), E > yecf, is a homomorphism of
Lie algebras,

() L&, f-nl =f-L&.0] + (pe&)(f)-n, E,neSecd, feC(M.

[ SecA denotes the vector space of global Cco cross—sections of a
vectar bundle A4].

A Lie algebroid 4 is said to be transitive if » 1is an
epimarphism of vector bundles, and regular if y is a constant
rank. In this last case, F:=Imy is a c® constant dimensional
and completely integrable distribution and such a Lie algebroid
is called a regular Lie algebroid over (M,F).

By a (strong) homomorphism

H: (A, -,-1,9) —— (4’ ,0-,-1",»")
between two Lie algebroids on the same manifold M we mean a
strong homomorphism H:4—— A’ of vector bundles, such that

(@) Y’ oH = p,

(b) Secy:SecA—— SecA’', Er—>Hl, is a homomorphism of

Lie algebras.

Examples 2. (1) A finitely dimensional Lie algebra g forms
a Lie algebroid on a one—point manifold.

C(2) The tangent dbundle TM to a manifold M Fforms a Lie
algebroid (TM,[-,-1,id) with the bracket [-,-1 of vector
fields.

(33 Any tnvolutive c® constant dimensional distribution
FcTM forms a regular Lie algebroid with the bracket as above.

C4) Any G-principal bundle (P,n,M,G,-) determines a
transitive Lie algebroid A(P) = (4(P),[-,-1,p) €71, [101, C[171,
in which

(a) A(P):=TP/G,
(b) the bracket is defined in such a way that the

canonical isomorphism SecA(P) —=3 2% (P) is an isomorphism of




CHARACTERISTIC CLASSES OF REGULAR LIE ALGEBROIDS - A SKETCH 73

Lie algebras, where 2%p is the Lie algebra of right-invariant
vector fields on P,
(c) the anchor y is given by y(L[v1) =n, (v).
(5> Any vector bundle f determine a transitive Lie
algebroid A(f) equal to A(Lf) - the Lie algebroid of the
principal bundle Lf of repers of f.

Proposition 3. [12]1 (et f be any vector bundle on a
mantfold M. For a point xeM, there exists a natural

isomorp?zism

A(f')lx E{L:Secf'—»f"x; L is linear and

3 ueTxM, v feQO(H), V veSecf, L(f-v) = Fix) sL{v)+ulf) -v(x)}
Therefore we have a (canontcal) isomorphism of Q% (M) —modules

differential operators £:Secf — Secf
SecAlf) —=»{ such that £(f-v) = F-2(v) + X(f) v
for some X € X(M), ..

Let, in the sequel, .8’g denote the (covariant) differential
operator corresponding to the cross—section ¥ of Secd(f).

(B> Any transversally complete foliation (M,¥) determines
a transitive Lie algebroid A(M, %) = (4M,5 ,[-,-1.3) in the
following way '[183, [191: the closure of the leaves aof # form

another foliation & called basic, being a simple one

]
determined by some bfibration nb:M—-»W with a' Hausdorff
manifold W, called the basic fibration. Let E and E'b denote the
vector bundles tangent to F and 5"6,
Q=TM/E—M - the transversal bundle of ¥, L(M.,# - the Lie

algebra of the so—called transversal frelds being

respectively,

cross-sections of Q determined by foliate vector fields.
Lemma 4. If nb(x) =rzb(y) then there exists a (canom:cal)
: >, : . ¥ =
isomorphism ax.Q‘x—-b Qly having the property: ax((’x) L‘y

for any transversal field [ e€l(M,F). m

The construction of the Lie algebroid A(M,F) 2
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The space A(M,F):=Q/x~ where for D, veQ we define

DT e w (r(D))=n (r(®)) & (V) =0.
] ] x

The bracket [-,-] in SecA(M,¥) is defined in such a

that the canonical isomorphism SecA(M,5) —gbl(ﬂ,fr") is an
isomorphism of Lie algebras.

The anchor y:AM,F) —— TW is equal to y([TI1) =rtb*(v).

(73 Any not necessarily closed connected Lie subgroup H of
a Lie group G determines a transitive Lie algebroid A(G:;N) on
G/H defined as the Lie algebroid of the foliation &={gM;
g€ G}t of left cosets of G by X~ (such a foliation 1is, of
course, transversally complete). If H=FH, then the Lie
algebroid A(G;H) is trivial: A(G;H) =T(G/F).

Lemma S. [1131, [1Z3 For any teH, the mapping
Rt:TG-——-»TG, tangent to the right translation by t, naps E
onto E giving an isomorphism Et:Q——-»Q. The napping

Qx H——qQ, (‘L_),L)D—Dk!(‘f)), is a right free action. m

Lemma 6. [11], [12} (a) A cross-section [ €SecQ 1is a
transversal fileld if and only if [ (gt) =Et(£ (g)) for atll g€G
and t e H.

(b) The natural eguivalence relation = itn Q can be
eguivalently defined as follows: for T, weQ,

Txw e 3Jted, Et(m=s.
This means that A(G;H) can be defined as the space of orbits of
the right action of Hon Q. m

(8) Any transitive Lie algebroid (4,0 -, 1,y) on M and an
tnvoluttive distridbution FcTM form a regular Lie algebroid
(45,0-,-1,2") such that AT:i=p'[FlcA and 7 =y|45. For
example, such an object is determined by a wvector bundle and an
involutive distridbution on the base.

(9 Any Lie groupoid & determines a transitive Lie
algebroid i??‘“& L6131, [171, (221, whereas any differential
groupoid ¢ determines a Lie algebroid in the same way,

sometimes being regular [1646].
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Remark 7. A transitive Lie algebroid 4 is called
integrable if it is isomorphic to the Lie algebroid A(P) ' of
some principal bundle. There exist nonintegrable transitive Lie

algebroids discovered by Almeida and Molino in 1985 [11.

Theorem 8 (Almeida-Molino [11). Let (M5 be any
transversally complete foliation. Then the Lie algedbroid A(M,F)
s integrable if and only if the foliation (M, F) is developable

in the sense that the lifting to some covering is simple. =m

It is evident that any TC—foliation with nonclosed leaves
on a simply connected manifold is not developable, therefore
its Lie algebroid is not integrable. A more concrete example is
the foliation of left cosets of any connected and simply
connected Lie group by a Lie subgroup connected and dense in

some torus.
CONNECTIONS IN REGULAR LIE ALGEBROIDS

Let (4,[-,-1,y) be any regular Lie algebroid aver (M, F).
g:=KerycAd is a vector bundle. Each fibre g'x of g possesses
a structure of a Lie algebra, and 9|x is isomorphic to gb’ if x
and y lay on the same leaf of the foliation determined by F.
The short sequence

0——og<——4 —Y—»F—»D

is called the Atiyah seguence of A. Any splitting A:F—— A of
this sequence is called a connection in 4. A determines the
so—called connection form w:A——g as follows: w|lg=1id and
wlImx=0, and the curvature form Qe SecAzA*eg as a
g-horizontal form such that QOX,\Y) =ALX, Y1 -IAX,AY] for
X,YeSecF. 1t is also convenient to define the so—called
curvature tensor Qb € SecAzF*eg ( being a tangential
differential form [20]) in such a way that Qb(X,}’) =Q(AX,\Y)
(=7\[X,Y]—IIJ\X,7\Y]I). A is said to be a flat connection if
Q=0 (equivalently, Qb=D).

Theorem Q. If A=A(P), P .being a principal bundle, then
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there is a bijection between connections in 4 and in P. ®
Theorem 10. If A=A(P)F, P being a principal bundle on a

mant fold M and-F an involutive distridbution on M, then there is

a bijection between connections in A and partial connections in

P over the distridbution F. =

Theorem 11. £1213 If A=AM,F), (M, F) being a
transversally complete foliatibn., then there 1is a bi jection
between connections in A and C* distributions CcTM fulfilling
the conditions

(1) C+Eb=TM,

(2) CnEb=E,

3) C|x= {X(x); Xe SechL(M,\?‘)} for xe M.

[in the case of left cosets of G by H, see Example 7 above,
condition (3) iLs eguivalent to:

(3') C ts H-right-invariant].

In particular, such a distribution C always exists.

A connection in A is flat if and only if the corresponding

distridbution in TM is completely integradble. =
THE CHERN-WEIL HOMOMORFPHISM OF A REGULAR LIE ALGEBROID

By a representation of a Lie algebroid 4 on a vector
bundle f (both over the same manifold M) we meam a homomorphism
T:4—— A(f) of Lie algebroids. A cross—-section v»eSecf is
said to be T-invariant if, for each ¢ € SecAd, .t’“l('v) =0 (.En!
is the differential operator in f corresponding to the
cross—sectiaon To¥, see example 5 of Lie algebroids). Denote by
(Secf)j. ', the space of all T-invariant cross—-sections of f. A
representation T induces a representation of 4 on each vector

bundle associated with f.

Theorem 12. If A is a transitive Lie algebroid, then each
T-invartant cross—-section of f is uniquely determined by its

value at one ardbitrartly taken point of M (M is assumed to be

connected). ®m
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Example 13. The adjoint representation of a regular Lie
algebroid A= (4,0 ,'1,») over (M,F) is the representation

adA=A-——+A(g) defined by

xad‘cg(u) =[#,2].

adA induces a representation, denoted also by adA, of A on the
*
symmetric power ng of the vector bundle dual to g, and we
have:
e (Sechg*) o

@d > o V¥eSecA, Vc;,.qokeSecg,

(yof) (r,a’1v...va'k> = ¥<r, c”v...vﬂt . o’jn v...va’k>.

The space k3°Sechg*)l.mdA)forms an algebra.

Put Q_0 =Sec AF" (=*&secalm  where alun  =Sec AFT).
This is the space of real tangential differential forms [201.
In the space QF(M) there works a differential & defined by the
same formula as for usual differential forms. Let HF(H) denote

the space of cohomology of the complex (QF(M),ér).

Theorem 14. [12] Let A be any connection in A and nb its
curvature tensor. Define the mapping
£3:%¥&° (Sec V¥g™) e

(a.dA) QF Ly

1 ;
r — ﬁ'(r,ﬂbv...vﬂb.}
k times
(being a homomorphism of algebras).
Then
(1) the tangential forms {3(I') are closed,
(2) the induced homomorphism of algebras
k0 k_*
h s &° (secV g )f(adA)
' +— [3(M)]

—_— H_ (M)
F

is independent of the choice of a coﬁnection. -

hA is called the Chern-Weil homomorphism of A, whereas the
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subalgebra Pont(A):=Im(hA)c)GjM) — the Pontryagin algebra
of A.

Theorem 15 (The comparison with the Chern-Weil
homomorphism of a principal bundle [3]). If A=A(P), P being
any connected: principal bundle, then there exists an

isomorphism o of algebras, making the following diagram commute

kéo(Sechg*).

I” (ad ) h
A \\\<;p)

=la ////’ Hdn(M)
h
* P
(Vg ),
where g is the Lie algebra of the structure Lie group G, and

(Vg*)l is the space of Ad-invariant polynomials. =

We pay our attention to the fact that this holds although
in the Lie algebroid A{(P) there is no direct information about
the Lie group G (which may be disconnected !). )

Besides, the Lie algebroid of a principal bundle P is — in
some sense — a simpler structure than P. Namely, nonisomorphic
principal bundles can possess isomorphic Lie algebroids. For
example, there exists a nontrivial principal bundle for which.
the Lie algebroid is trivial (the nontrivial Spin(3)-structure
of the trivial principal bundle RP(5)xS0O(3) [?91, [101).

Remark 16. [12]1 If A==A(P)F, P being a principal bundle
on a manifold M and F an involutive distribution on M, then the
Chern—Weil homomorphism h‘ of the Lie algebroid A is called the
tangential Chern-Weil homomorphism of o principal bundle P over
a foliated mant fold (M,F) ($‘being the foliation determined by
F).

One can notice that:

=3 k_* k¥
1 Always, Q, (M, F) (SecV'g )I.(ad‘,“”)c'(SecV g )I°(a.dA)’

which means that zfﬁ:.is ad‘—invariant when j* are F-basic
and I'. are ad —invariant.
1 AP

The occuring inclusion can not be replaced, in general, by
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the equality. Such a situation can hold if P is connected, but
its restriction Pu to many leaves L of the feoliation F is not
connected.

(2) If G is connected, then the above inclusion Iis an

egquation; therefore, eguivalently,

o : * i i
hA.Qb(M.a") (Vg )l——bHF(N). }:fri.—.f hp(l"i.).

Remark 17. The case of P being the principal bundle I_Gf' of
repers of a G-vector bundle f, G6<cGL(n,R) (n=rankf), is
important [201. In this situation, the homomorphism obtained
above is called the tangential Chern-Weil homomorphism of a
vector dbundle f over a foliated manijfold (M,¥F). It is trivial
when in f there is a flat partial covariant derivative (over
F). The superposition (under the assumption that LGf' is

connected)

(Vg*) lgg(Sechg*) a2 h

Q% (M, F) -B(secV*g™) .
ALP) &

b4 ‘“d.q(r)’

c&(Sechg*) & —»HF(H)

I (ad >

arr
agrees with the homomorphism obtained by Moore and Schochet
[20]1 to investigating such covariant derivatives. However, the
holding of the above strong inclusion can be the source of
quite new characteristic classes which cannot be obtained by

the construction of Moore-Schochet.

The geometric signification of the Chern—Weil homomorphism

in the theory of TC-foliations is presented by the following

Theorem 18. If A=A(M,F), (M, F) being a transversally
complete foliation, and the Chern-Weil homomorphism h“i is
nontrivial, then there exists no completely integrable
distridbution CcTM satisfying the conditions

(1) C+£‘b=TM,

(2) CnE’b=£',

(3) Clx= {X(x); XeSechL(H,&‘)} for xeM. =
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Now, we are going to give a wide class of T7TC-—foliations
for which the Chern—Weil homomorphisms of the corresponding Lie
algebroids are nontrivial. It will be some class of foliations
of left cosets of Lie groups by nonclosed connected Lie
subgroups.

First, we formulate as preparatory the following theorem.

Theorem 19. let HcG be any connected Lie subgroup of G
and let H, © and g be the Lie algebras of H, of its closure H
and of G, respectively. Denote by h):(VE*)I———¢H(H) the
Chern-Wetl homomor phism of the H-principal dbundle
P=1{6——G/H). Then there exists an isomorphism o of
algebras such that the following diagram commutes:
k

>
k§°(Sech*)la . » HWG/F
A{G  X)
31“ /
¥ 4
= > o= ¥
Vib/ B — (VB )1 . =

Since, for any connected, compact and semisimple Lie group G,

hi®e ) ,—— H¥ @6/

is an isomorphism (cf [41), we obtain

Theorem 20. If G is a connected, compact and semisimple
Lie group and H is any nonclosed connected Lie subgroup of G
and H is its closure, then
h;f;m= (B/6) " s W2 (6/M)
is a rnontrivial monomorphism; therefore hnmnn is nontrivial.
This means that then there exists no Cm completely integrable
distribution CcTG such that (1) C+Eb=TG, (2) CnEb=E,

{(3) C is H-right-invariant.

Corollary 21. Taking G as above and, in addition, simply
connected, we obtain a nonintegrable transitive Lie algebroid

whose Chern—-Weil homomorphism is nontrivial. =
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Now, we give a simple example of a flat connection in the

Lie algebroid A{(G;H).

Example 22. If ccg is a Lie subalgebra such that
c+b=g, cnb=0,

then the G-left—invariant distribution C determined by ¢ is o
completely integrable and such that (1) C*—Eb==TG, (2)
CrﬁE6=E; (3) C is H-right—invariant, therefore € induces a
‘flat connection in A{(G3;H). The existence of such a Lie
subalgebra implies then the triviality of the Chern—-Weil
homomdrphism h of A(G3;H).

AGH)
The previous theorem gives

Corollary 23. If G is a connected, compact and semisimple
Lie group and H is any nonclosed connected Lie subgroup of G,
and B, 5 and g are the Lie algebras of H, of its closure H and
of G, respectively, then no Lie subalgebra ccg satisfying

c+bh=g, cnb=bH, exists. m

This theorem is valid if one weakens the assumpticon on
”1(6) to be finite [11]. One can also prove that the existence
of such a Lie subalgebra ¢ gives the minimal closedness of B in

the sense of Malcev [111].

The analysis as in "Botit's phenomenon" [31 gives the

following results.

Theorem 24. [15]1 If A is any regular Lie algebroid over
(M, F), Pont(A)c:HF(M) is the Pontryegin algebra of A and A
admits a partially flat connection X over some involut tve
subdistribution . FlcF' of codimension (with respect to F)
equalling g, then
PontP(4) =0 for pz2- (g+l).
If \' admits a basic connection, then

PontP(4) =0 for pzg+l. =

One can notice that in the Lie algebroid A4(G;¥) any Lie
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subalgebra ccg such that

(1) Hne=¥,

(2) f:=H+c is a Lie subalgebra of g,
gives a partial flat connection aver the involutive
distribution on G/H being the G-left—invariant one determined
by /9 (codimension of this is equal to codimf). If f is a Lie
algebra of a compact Lie subgroup of G, then ¢ admits a basic

connection. From the above we obtain the following corollary:

Corollary 25. [151 If A=A(G3H) and Pont® (A4) =0, then
there exist no Lie subalgebra ¢ of g such that

(1) Hne="¥,

(2) f:=fj+c is a Lie subalgebra of g whose codimension
is £ (p/2)-1, or is =p—1 provided that f is a Lie subalgebra of

a compact Lie subgroup of G. m

Since Pontz(A)#D when 6 1is compact and semisimple, we

obtain

Corollary 26. [151 If G is compact and semisimple, and H
is not closed, then there exists no Lie subalgebra c¢ccg such
that

(1) BHne=¥,

(2) f:=[—;>+c is a Lie subalgebra of a closed Lie subgroup

of G whose codimension (s 1. =

THE CHARACTERISTIC HOMOMORPHISM OF A FLAT
REGULAR LIE ALGEBROID

Consider in a given regular Lie algebroid (4,[-,-1.,) over
(M, F) two geometric structures [131:

(1) a flat connection A:F—— 4,

(2) a subalgebroid Bc A over (M,F), see the diagram
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g
h
Notice that h=gnB (h:=Keryi).

The system (4,B,\) will then be called an FS-regular Lie
algebroid (over (M,F)).

¥

A u F > »
el
B F

7] >

< 3
>

,
]

< N
-

@ 3

We construct some characteristic classes of an FS-regular
Lie algebroid (4,B,A), measuwring the independence of A and B,
i.e. to what extent ImX is not contained in B. First, we give

some examples of such Lie algebroids.

Examples 27. (1). Let P be a flat G—principal bundle with
a flat connection w and P’ a reduction of P. « determines a
flat connection XA in A(P), and the system {(A(P) . A(P'),N\) is an
FS—transitive Lie algebroid.

2> (An important generalization of the above example).
Let (P,P',w') be any foliated G-principal bundle on a manifold
M [31, with an XY-reduction P’ and a flat partial connection '
over an involutive distribution Fc7TM. ® determines a flat
connection A in the regular Lie algebroid AP aver (M, F), and
the system (A(P)F,A(P')F,K) is an FS-regular Lie algebroid.

(3) FS-transitive Lie algedbroids on the ground of
TC-foliations. Let A=A4A(M,5), (M, ¥) being an arbitrary
TC—foliation. A

Proposition 28B. There exists a 1-1 correspondence between
transitive Lie subal gebroids B of A and involutive
distributions BcTM such that

(a) EcB,

(b) Eb+§=TM,

(c) Em={>ux); XeSecénI_m,m}, xe M.

For the foliation of left cosets of G by H,

(c) = (c*): B is c” and H-right—-invariant. =

Some example of a Lie subalgebroid of A(G;H) is given by
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the following theorem.

Theorem 28. If bcg is a Lie subalgebra such that
bcb, H+b=g,
then the G-left—invariant distribution Eb determined by ©
fulfils (a), (B) and (c’) from the above proposition, giving at

the same time a Lie subalgebroid of A(G;H). =

Ta sum up, a system (b,c) of Lie subalgebras of g such
that bHcb, BH+b=g and H+c=g, bBnec=bH, determines some
FS—transitive Lie algebroid on G/H.

C4) FS-regular (nontransitive) Lie algebroids on the
ground of TC-foliations. Let A=A4(M,F), (M, %) being an

arbitrary TC—feoliation.

Proposition 30. An involutive distribution Fon M is a
lifting of some involutive distribdution F on the basic mant fold
W if and only if

(1) E, cF,

(2) le={X(x); XeSeanL(M,ar)} , xeM

The correspondence F——=F is 1-1. For the foliation of left
cosets of G by H,

(2) 0 (2'): F is C* and H-right-invariant. =
Denote the lifting of FcIW to M by T M.

Proposition 31. Let FcTIW be any foliation of W. There
exists a 1-1 correspondence between partial connections in
A(M,F) over F, i.e. connections In A(M.?WF. and distributions C
in TM such that

(a) EbnE=E,

(b) Eb+c—=:r’n,

(c) E|x={)((x); XeSethL(M,.?“)}, xe M.

In particular, such a distribution c always exists. For the

foliation of left cosets of G by H,
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(c) = (c'): C is €® and H-right-inveriant.
A partial connection in A(M,F) is flat if and only if the

corresponding distridbution itn TM ts involutive. =

Some examples of foliations of G/H and partial connections

in A(G3;H) are given by the following theorems.

Theorem 32. If fcg is a Lie subalgebra such that
bcf,
then the G-left—invariant distribution 1-:(f') <TG determined by
f fulfils Ebc}:(f), and F(f) is H-right-invariant, therefore
gives some foliation F(f) of G/H.

Theorem 33. let f and ¢ be Lie subalgebras of g such that

Becf and H+c=f, Bne=1b;
then the G-left—invariant distribution C=Ct(c) cT6G determined
by ¢ is C®  R-right-invariant and fulfils E,nC=E,
Eb+C_‘=TFH_. therefore induces some flat partial connection 1in

A(G3H) over F(f). m

To sum up, the triple (b,f,c) of subalgebras of g such
that
bchb, H+b=g, bHecf and H+c=f, bne=H ,

determines an FS—-regular Lie algebroid.

Return to diagram ().
We construct a characteristic homomorphism
A#:H(g,B) —»HF(M)

measuring the independence of X and B in the sense that A#=D
if ImAcB.

Here H(g,B) ='H((Sec'\(g/m"),‘ .3) where

(1) (SecA (g/h) *) o is the space of invariant
cross—-sections with respect to the canonical representation
B—— A(A(g/M) ™) induced by ad|B:B— A(g). Precisely,

Ve (SecA*tg/m) ™) . @ VZeSecB, Vv ,...,v eSecs,

(y‘e:)<lll, [v‘]A...A[vk]>=E§\Il,[v’]A...A[IIE,vj]l ]A...A[vk]},

]
where [vj3=sn)je$ecg/h and s:g——g/h is the canonical
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projection.
(2) & is a differential in (SecA(g/h)*)l, defined by the
formula
= . _qy i+ o
<6W,[v°]A...A[vk]>— tgj( 1) (‘I’,[lIVi,vjn]Acl)o]/\...L..._]...A[l)k]>.
First, we construct the homomorphism A# on the level of

forms.

Theorem 34. There exists a homomorphism of algebras
A*:Sec!\(g/h)* — 0 D
such that
AW 5.0 =B, [oo(x;ﬁ)‘) JA...Atw(x;?»k) 1

efF here w € B satis (w)=w. =
for w.i |xw X i - a fy v, i wJ

Theorem 35. A* restricted to the itnvariant cross—sections
commutes with differentials & and 6F. giving a homomorphism A#

on cohomologies. =

36. The fundamental properties of A# are:

() A*=D if ImANcB.

(b) The functortality of A#.

(c) The independence of A# of the cholice of homotopi{:
subalgebroids B in the following sense:

Iy Bo is homotopic to 31' then there exists an isomorphism

azMig,B,) —iH(g,Bl) of algebras, such that the diagram

H(g,B,)
A
o#
& H_(M)
F
Ai#
H(g,B,)

commutes. The relation of homotopy between subalgebroids is
naturally defined as follows: Bo"‘B1 & there exists a Lie
subalgebroid B < TIRxA (on [RxM) such that veBto (Bt,v) €B,
t=0,1 (6t being the null vector at t€R). =

The construction of a is not trivial. We uses a few times
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the existence of global solutions to some systems of

differential equations.

Theorem 37 (Th.e comparison with a flat principal bundle,
see [51). If A=A(P), B=A(P'), vwhere P’ is a connected
H-reduction, then, for each flat connection in P and the
connection in A(P) corresponding to 1it, there exists an
isomorphism » of algebras such that the dicgram

H(g.H)

commutes. L]

Assume that A and B mean the same as in Theorem 37 above,
but A is a partially flat connection in 4, say, over an
involutive distribution FcTM. Denote by &% the foliation
determined by F. Equivalently, we have given some foliated
principal bundle and an H-reduction of it. By the general
theory, there is a homomorphism of algebras

F
A#.H(g,B ) —»HF(M).

Theorem 38. If H is connected, then
Hig,B") = Q) (M, F) - H(g, H)
and A#(}:f‘-cwil), y, e (A"(g/b)*)l, is the  tangential
cohomology class determined by the form

A*(f"-w‘,_) OGw A AW ) =L F 00 <y Lol 5)1) I AL Z;k) 1

7 ¢ . PP ee —
for wie le where wi_eTzP satisfy n*(w,l) w, . ]

Problem 39. Consider an arbitrary leaf L of #. From the
functoriality property, under the assumption of the

connectivity of 4, we have the following commuting diagram
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A A
fotv 1 QL (M F) - HAG M) —Ey H ()

I I

[fi(x)-v‘,.] H (G H) —— s H )

Find an example of the situation in which A# is not

trivial, whereas AL# is trivial for each leaf Le F.

An example of the nontrivial A# on the ground of
TC-foliations.

A) The transitive case. Let 4=4(M,5), (M,¥F) being an
arbitrary TC-foliation. Assume that we are given a Lie
subalgebroid Bc A, equivalently — a distribution B<7M such
that

(a) EcB,

(b) Eb+§=‘I‘M,

(c) E;f{’“"’-‘ x65ec§nun,3v)} for xeM,

and a flat connection XA in A4, equivalently - a distribution
CcTM such that

(1) C+Eb=TM,

(2) CnEb=E,

(3) C|x= {X(x); XESecCﬁL(M,F)} for xeM.

From the general theory we obtain:

If the characteristic homomorphism A# is not trivial, then
B cannot be homotopically changed to the one which contatins
Im) (eguivalently, E:C).

Here we calculate the characteristic homomorphism of the
FS—-transitive Lie algebroid (A4(G3H) ,B,\) in which

(i) B=Bb is the Lie subalgebroid of A(G;H) determined
by a Lie subalgebra bcg satisfying (1) Hcb, (2) b+b=g,

(ii) A is the flat connection determined by a Lie
subalgebra ccg satisfying (1) c+l_;)=g, (2) enbh=".

Theorem 40. There exist an canonical isomorphism o of

algebras and a homomorphism A# of algebras, making the
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following diagram commute

H{g.B) > H G/

.Z_Ia & I
=,z * A# = X
AB/(BNBb) ) ——9 Hi{A(g/B) )1) = HI(G/F) .
o | ¥
(Ag/®) ), denotes here the DG-algebra of vectors invariant
with respect to the adjoint representation

A" :H—— 6L(Ag/B) ™) (cf [S1). The homomorphism h# on  the
level of forms is defined by the eguality

) _. - .
{A*(W),[wilm../\[wk])’ ‘Il,w1(w1)A...Aw1(wk).
PN T ~ -
for \Ile/\k(b/(bﬂb)) and w eg, vhere w.‘eb are vec tors

such that [5t1=[wi] (eg/l—j) where wi:g—af—)/(?)nb) is
defined as the superposition

pr
- 4 . i -
©:8—0/b=b/bec/b »B/5— B/ hnb).
For a compact G, the right arrow in the diagram below is an
isomorphism. =

~

Theorem 41. A# is trivial if aend only if ccb. =

Each case c¢b (for a compact G) is the source of the
nontrivial characteristic homomorphism of an FS-regular Lie

algebroid on the ground of TC—foliations.

B) The nontransitive case. Here we calculate the
characteristic homomorphism of the FS-regular Lie algebroid
(A(G;H)"",Bg"’,xc) in which

(i) F(f) is the foliation of G/F determined by a Lie
subalgebra fcg such that Hcf,

(i) Bg®
is determined by a Lie subalgebra becg fulfilling (1) HchH,
(2) Hb+b=g,

(iii) Kc is the partial flat connection determined by a
Lie subalgebra ccg for which (1) cnb=9, (2) c+H=f, .

By the general theory, there is a homomorphism

is the Lie subalgebroid of A4(G;X) where Bb
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FP

A#:H(g,Bb ) — o ﬂ(G/R)

F¢
of algebras.

Theorem 42. There exist a canonical isomorphism o of
algebras and a homomorphism A# of algebras, making the
following diagram commute

A
¥

FCf> L
Mg, By ") > Hy , (G/R)

I * ta-A I

02 (M, 7) SA(H/ (B ———F QF (M, F) -,

114

I(G/Fn')

<F,
The homomorphism A# on the level of forms is defined by the
eguality

<A* ), [wllA...A[wa} =¥, O)i(wi)A...Ami(wk) >

for \/f'eAk(i)/(f)nb))* and wief’, where IT)_LebI"If are wvectors
such that [;i.3=[w»;l (ef'/f)) where w‘:f—of)/(".—)nb) is

defined as the superposition

_ pr = -
w:f —s f/D=b/bec/b—2B/b— b/ (Hnb).

For a compact G, the canonical inclusion
Qrm I(G/FI) _»Qrm(G/H) induces a monomor phtsm on
cohomologies H;:(n I(G/R) ’_’Hr(n(G/n) . therefore the

nontriviality of A# implies the same for A#. ]

s

Theorem 43. A# is trivial if and only if ccb. =

Each case c¢¢b (for a compact G) is the source of the
nontrivial characteristic homomorphism of an FS-regular Lie

algebrbid on the ground of TC-foliations.

THE CHARACTERISTIC HOMOMORPHISM OF PARTIALLY FLAT
REGULAR LIE ALGEBROIDS

Consider in a given regular Lie algebroid (4,[-,-1,») over

(M, F) two geometric structures [141:
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(1) a partial flat connection A':F’ — 4’(:=¢ [F'1),

(2) a subalgebroid Bc4 over (M,F), see the diagram
xl
0 — g <~—p A'—— F'— 0

I [y[

0 —g «——t A — F — 0

o d

0 — h < — B » F > O .

The system (4,B,\) will then be called a PrS—regular Lie
algebroid (over (MyFiF*) ).

Examples 44. Examples 27(2) and (4) from the previous
part:
— a foliated bundle (P,P’,w’) [31,
— a triple (b,f,c) of some subalgebras of g,
are the source of PFS-regular Lie algebroids:
(A(P),A(P’),X')? and (A(G,H),Bb,xc),

respectively.

We construct some characteristic homomorphism of a
PFS-regular Lie algebroid (4,B,\’)
Aq, #=H(‘V(g,-h)q, 2 §8) ——p HF(H) .

measuring the independence of A’ and B, where

¥ig,h) , o = (Sec (Atg/m) "aV*T g")) .
]

is the space of invariant cross—sections with respect to the
canonical representation of B, and &6 is the differential
defined point by point, coming from the differential dx in the
Weil algebra wgw of the Lie algebra %x, and @' ZcodimF'
( and ¢’ 2[@/2] for the "basic" case).

The homomorphism Ah'# on the level o? forms is constructed

as follows:

Take s:g——g/h, the canonical projection, and
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<q’ <q*
I\s""snidﬁ\(g/h)’“sV"q 9*——b /\g"@V“:x g’F . the induced

homomorphism, and

k: bsec(Ag'eV'g’) — ()
wel'  — 0™ () A7 (D)

where o (y) =-l-:—!‘-<w,w»\...aw} for yeSec Ak(g/h)* and Qv
=L‘_!-<r,ov...vn> for T eSec Vlg*, whereas ® and Q are the
connection form and the curvature form of some adapted
connection.

The form J~ (k(As*®id(¥))) is h-horizontal, which implies
the existence of a tangential differential form A@e(%}ﬂ) such
that ¢~ am = ;% (k(As™eid(®)). Put A, = (B AT)

Theorem 45. If g'ZcodimF' (and g'z2[g/2] for the Tbasic”

case), then Aq,:‘V(g,h)q, ,—»QF(M) commutes with sultable

57
differentials, giving a homomorphism on cohomologies. ®m

The properties:

(1) The functoriality,

(2) The independence of the choice of an adapted
connection,

(3) For two Lie subalgebroids being homotopic, the

corresponding characteristic homomorphisms are eguivalent. =

The comparison with the characteristic homomorphism of

foliated bundles [5] is described by the following theorem.

Theorem 486. Let A=AP), B=A(P'), P’ being a
H-reduction. If P' 15 connected, then there exists an
isomorphism o of algebras, such that

the following diagram

H(W (g, h) . 0s8)

\H(M)
a / F

H(W(Q,H)q,)

commutes. =
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